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Abstract 
We prove a selection theorem which characterizes C-spaces among paracompact spaces and 
give two applications: (1) if f : X + Y is a map between compact spaces with /c-dimensional 
fibres and Y has property C, then f can be approximated by maps with fibres contained in k- 
dimensional polyhedra; (2) if f : X + Y is an open map with infinite fibres between compact 
metric spaces, then the map p(f) : P(X) + P(Y) between the spaces of probability measures i  
a trivial Q-bundle, provided that Y has property C. 0 1998 Elsevier Science B.V. 
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Q-bundle; Measure spaces 
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1. Introduction 
Every k-dimensional compact (or paracompact) space X can be approximated by k- 
dimensional polyhedra in the following sense: for every open cover w of X there exists 
an w-map of X to a k-dimensional polyhedron. Recall that a map f : X --+ Y is a w-map 
if there is an open cover w’ of Y such that the cover {f-‘(V): V E w’} of X refines 
w. If X is compact, then f : X + Y is an w-map iff each fibre of f is contained in an 
element of w. Throughout the paper all maps are assumed to be continuous. By dimension 
we always mean the covering dimension dim. 
Let us now consider the question whether every k-dimensional map f : X + Y be- 
tween compact spaces can be approximated by a k-dimensional simplicial map between 
polyhedra. We say that a map f has dimension < lc if all fibres of f have dimension 
< k. For a simplicial complex K: we denote by llcl the corresponding polyhedron. A map 
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f : llcl -+ ICI is simpliciul if it sends vertices to vertices and is affine on simplices. Let 
us say that a map f : X + Y admits approximation by k-dimensional simplicial maps if 
for every open cover wx of X and every open cover WY of Y there exists a commutative 
diagram of the form 
where 6~ is an wx-map, KY is an WY-map and p is a k-dimensional simplicial map 
between polyhedra licl and ICI. 
Question 1.1. Does every k-dimensional map f : X -+ Y between compact spaces admit 
approximation by k-dimensional simplicial maps? 
If k = 0, then the answer is yes: every light map between compact spaces admits ap- 
proximation by simplicial light maps [6]. A map is light if it is zero-dimensional, i.e., has 
zero-dimensional fibres. In the general case Question 1.1 remains open. I conjecture that 
the answer is no. B.A. Pasynkov proved in [ 151 that every k-dimensional map between 
finite-dimensional compact spaces can be approximated by k-dimensional maps of a spe- 
cial form which he called “polyhedral”. It seems likely that the methods of the present 
paper can be used to extend Pasynkov’s result to the case when Y is a C-space. We shall 
discuss this elsewhere. Here we prove an easier theorem: if f : X + Y is a k-dimensional 
map and Y is a C-space, then f can be approximated by “weakly k-polyhedral” maps 
(Theorem 1.2). The relation between Pasynkov’s notion of a k-dimensional polyhedral 
map and the notion of a weakly k-polyhedral map that we introduce here is not clear. 
Any k-dimensional simplicial map between polyhedra has both properties. 
A space Y is a C-space, or has property C, if for any sequence {a,: n E w} of open 
covers of Y there exists a sequence {pL,: n E w} of disjoint families of open sets in Y 
such that each pn refines Q, and the union UnEw pL, is a cover of Y. This notion was 
first defined about 1973 by W.E. Haver for compact metric spaces and then by Addis 
and Gresham [l] in the general case. Every finite-dimensional paracompact space and 
every countable-dimensional metric space has property C [1,7]. Every normal C-space 
is weakly infinite-dimensional [1,7] (note that Engelking [7] includes normality in the 
definition of property C). Pol’s example of a weakly infinite-dimensional compact metric 
space which is not countable-dimensional [7,13] has property C and thus distinguishes 
between property C and the property of being countable-dimensional. It is an open 
problem whether for (compact) metric spaces property C is equivalent to the property of 
being weakly infinite-dimensional. See [2,3,11,12] for results concerning C-spaces. 
Let E be a finite-dimensional real vector space. A k-plane in E is an affine subspace of 
dimension < k. A compact subset P c E is a polyhedron in E if it a finite union of the 
convex hulls of finite subsets of E. We shall also call such sets straight polyhedra if we 
K!c( Uspenskij / Topology and its Applications 85 (1998) 351-374 353 
want to stress that for some finite simplicial complex K there exists a homeomorphism 
f : (ICI ---f P which is afine on simplices. 
Two maps f : X -+ Y and f’ : X’ + Y’ are homeomorphic if there exist homeomor- 
phisms hx : X + X’ and hy : Y + Y’ such that f ‘hx = hy f. We now define when a 
map between compact spaces is weakly k-polyhedral. Let P be a compact polyhedron, 
E a finite-dimensional linear space, T a compact subspace of the product P x E. We 
say that the projection T --) P (or any map homeomorphic to it) is weakly k-polyhedral 
if for every 5 E P the subset T, = {y E E: (x,9) E T} of E is contained in a finite 
union of k-planes in E (or, equivalently, in a k-dimensional straight polyhedron). 
Theorem 1.2. Let f : X ---f Y be a map between compact spaces, and let k be an integer 
such that dim ,f-' (y) < k for every y E Y. If Y has property C, then for every open 
cover wx of X and every open cover WY of Y there exists a commutative diagram 
such that 6~ is an wx-map, ICY is an wy-map and p is a weakly k-polyhedral map. 
The proof of Theorem 1.2 is based on a selection theorem for C-spaces. A nonempty 
space is contractibze if it is homotopy equivalent to a singleton. Consider the following 
property Sr of a space X: 
(Sl) For every space Y and for every open set V c X x Y the following condition 
holds: if the set V, = {y E Y: (z, y) E V} IS contractible and nonempty for 
every z E X, then the map 5 H V, has a continuous selection (in other words, 
there exists a map f : X + Y such that the graph of f lies in V). 
Let SZ denote the property which is defined similarly, but the words “for every space 
Y” are replaced by “for every Banach space Y”. 
Let us say that a space X is aspherical if for every n = 0, 1, . . every map f : S” + X 
of the n-dimensional sphere S” to X is homotopic to a constant map. Equivalently, a 
space X is aspherical if for every compact polyhedron P every map P -+ X extends 
over the cone of P. The cone Cone(X) of X is the quotient of the rectangle X x 1 
obtained by identifying the set X x {l} to a point. Every contractible space is aspherical, 
and for spaces having the homotopy type of a CW-complex the reverse implication is 
also true. 
Let us introduce one more selection-type property of a space X: 
(4) Let Y be an arbitrary space. Suppose that to each z E X an aspherical nonempty 
subspace @p(z) of Y is assigned so that for every compact K c Y the set 
{z E x: K c Q(z)} . IS o p en in X. Then @ admits a continuous selection: there 
exists a map f : X + Y such that f(z) E Q(z) for every z E X. 
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It turns out that for paracompact spaces X the properties S1, S2 and S3 are all equiv- 
alent to property C: 
Theorem 1.3. For a paracompact space X property C is equivalent to each of the 
properties & dejined above, i = 1,2,3. 
Actually for the proof of Theorem 1.2 we need a “piecewise-linear version” of Theo- 
rem 1.3; see Theorem 2.1. 
Let Q = P’ be the Hilbert cube. A map f : X -+ Q of a compact space X to Q 
is inessential if there exists a map g : X + Q which avoids f in the following sense: 
f(x) # g(x) for every x E X. A compact space X is weakly injinite-dimensional if 
every map f : X -+ Q is inessential. In other words, X is weakly infinite-dimensional if 
for every map f : X + Q there exists a map g : X ---f Q which avoids f. Theorem 1.4 
below characterizes property C in similar terms. Recall that a closed subset A c Q is a 
Z-set if the identity map of Q can be uniformly approximated by self-maps of Q with 
range c Q \ A. Let 2(Q) be the space of all Z-sets in Q with the Vietoris topology. 
Theorem 1.4. A compact space X is a C-space if and only if for every map @ : X --) 
2(Q) there exists a map g : X ---t Q such that g(x) $ @(x) for every x E X. 
Theorem 1.3 has an application to Fedorchuk’s question on fibrations of measure 
spaces. For a compact space X let C(X) be the Banach space of continuous functions 
on X, and let C(X)* be the dual space of measures on X with the weak*-topology. 
Let P(X) be the compact space of probability measures on X. The space P(X) can be 
defined as the closed convex hull of X in C(X)*. For every map f : X + Y between 
compact spaces there is a natural extension P(f) : P(X) --) P(Y). A map f : X + Y 
is a (trivial) Q-bundle if it is homeomorphic to the projection Y x Q + Y. 
Fedorchuk posed the following question [8,9]: if f : X + Y is an open map with 
infinite fibres between compact metric spaces, must P(f) : P(X) -+ P(Y) be a Q- 
bundle? A negative solution was obtained by Dranishnikov [4,5]. On the other hand, 
Gutev [lo], generalizing earlier results by Fedorchuk, proved that the answer is positive 
provided that Y is countable-dimensional. It follows from Theorem 1.3 that this restriction 
can be weakened to “Y is a C-space”: 
Theorem 1.5. Let f : X + Y be an open map between compact metric spaces such 
that for every y E Y the point-inverse f-‘(y) is injinite. If Y is a C-space, then 
P(f) : P(X) + P(Y) is a trivial Q-bundle. 
In Section 2 we prove a “piecewise-linear” selection theorem for C-spaces. Theo- 
rem 1.2 is proved in Section 5, after we explain the plan of the proof in Section 3 and 
make some preparations in Section 4. In Section 6 we discuss elementary properties of 
Z-sets. Theorems 1.3 and 1.4 are proved in Section 7, and Theorem 1.5 is proved in 
Sections 8 and 9. 
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2. Selection theorem for C-spaces: PL-version 
Let E be a real vector space. If K is a finite simplicial complex, a map f : l/C + E 
of the polyhedron 1x1 to E is a PL-map if there exists a subdivision K’ of the natural 
triangulation of 1x1 such that f is affine on each simplex of K’. If K is an arbitrary 
simplicial complex (possibly infinite), we say that a map f : 1x1 4 E is a PL-map if it 
is PL on each simplex of 1x1 (this agrees with the previous definition if IK( is finite). 
We say that a subset A of E is PL-aspherical if for every compact polyhedron P and 
every PL-map f : P + A there exists a PL-extension f : ConeP + A of f over the cone 
of P. It suffices if this condition is satisfied when P c A is a straight polyhedron in 
E and f is the embedding of P into A. Let us say that two maps fo. ft : P + A are 
PL-homotopic if they can be connected by a homotopy P x I + A which is a PL-map 
(with respect to any natural triangulation of P x I). A subspace A of a linear space E is 
PL-aspherical if and only if for every compact straight polyhedron P c A the embedding 
of P into A is PL-homotopic to a constant map. 
Let X be a topological space, and suppose that to each point z E X a subset @(.r) c E 
is assigned. Let us say that the multi-valued function Q, is PL-semicontinuous if for every 
compact straight polyhedron P in E the set {II. E X: P c Q(r)} is open in X. It suffices 
if this condition is satisfied for every simplex P in E. 
Piecewise-Linear Selection Theorem 2.1. Let X be a paracompact C-space. Suppose 
that to every point x E X a nonemp9 PL-contractible subset @j(x) of a real vector space 
E is assigned. If pi is PL-semicontinuous, then there exists a simplicial complex K, a 
continuous map o : X + 1x1 and a PL-map 4: 1x1 + E such that &(x) E G(z) for 
every x E X. 
We do not assume that E is a topological vector space. If it is, then $O(Y is a continuous 
selection of @, since the PL-map 4: 1x1 + E is continuous. 
Proof. We construct by induction on n the following objects: 
(I) a sequence of pairwise disjoint sets rl, . . , I?, . ; 
(2) two sequences {X,} and {XL} of locally finite open covers of X such that X,, = - 
{U,: y E m}, Xi, = {UG: y E m} and U, c UG for every y E rQ; 
(3) an increasing sequence of simplicial complexes ICI c . c K, c . . such that 
the set of vertices of the complex K, is equal to rr U . . U r,; 
(4) finite subcomplexes P3 of K,, , where y E r,, and sn = 1: 2, . . ; 
(5) PL-maps & : IX,\ + E such that 05, extends &, whenever 7n, < n and such that 
47n(lP71) C Q(x) for every x E U;. 
The following property will be satisfied: 
(6) if ‘nr < ... < nk: and 7% E . l%z, i = 1, . k are such that the intersection 
n{v,,: i = I,..+ IS nonempty, then the set {-~1.. ~ -yk} is a simplex of the 
complex P7, 
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Assume that the sets G, the covers Xi and XL, the complexes Ici and their subcomplexes 
P-, for y E ri, and the maps $i have been defined for i < n. We describe the next step 
of our construction. 
- 
Fix 2 E X. Let A(z) = A,(z) be the finite set of all y E r, such that z E U,. 
For every y E A(z) we have &(/Prl) c G(x) by (5), since z E q c U$ Let 
Q, = U{Py: y E A(z)} and Qz = (~2~1. Then Q5 = U{lP,i: y E A(z)} is a compact 
subpolyhedron of /Kn / and (Pn (Qz) c G(z). S ince @(xc) is PL-contractible, there exists 
a PL-map 
which extends & IQz. Since @ is PL-semicontinuous, there exists a neighbourhood 0, II: 
of 2 such that &(ConeQ,) c Q(z) for every .z E 0,x. Let 
and Ox = 0(x, n) = Otx n 02x. 
Let XL+, = {U{: y E r,+t } be a locally finite open refinement of the cover { 0,: x E 
X}. We assume that &+t is disjoint from all the sets rt, . . . , r,. Let Xn+t = {U,: y E - 
r,+r } be an open cover of X such that U, c Ul, for every y E r,+t . For every 
6 E r,+t pick a point x = x(S) so that Ui c Ox, and let B(S) = A(x). Let P6 be the 
cone with the vertex S over G&q = U{Py: y E B(S)}. In other words, a finite subset 
s c r, u.. . U r,+ 1 is a simplex in P6 if and only if s \ {S} is a simplex of P7 for some 
y E B(S). Let K&+1 be the union of K, and all the complexes PJ for S E r,+t . For 
every 6 E r,+t the polyhedron I& I can be identified with the cone Cone Qz(6) and hence 
we may consider the map q&(s) as defined on the set [Ps I. Let &+t : (K&+1 1 + E be an 
extension of q& such that the restriction of &+t to lJ’61 coincides with $qa) for every 
6 E r,+t. It follows from our choice of the neighborhoods 015 that &+I (/ PJ I) c Q(z) 
for every z E 01x(6) and hence for every _z E Vi, since Uk c 0x(6) c 0,x(S). 
We must describe separately the first step of our construction. Let z E X. Pick a point 
c, E Q(x). Since @ is PL-semicontinuous, there exists a neighbourhood Ox = 0(x, 0) 
of x such that c, E Q(z) for every z E Ox. Let X{ = {U{: y E r, } be a locally finite 
open refinement of the cover {Ox: x E X}. Let XI = {U,: y E r, } be an open cover of - 
X such that U, c UG for every y E rr. For every 6 E rt pick a point x = x(6) so that 
Ui c Ox. Let ICI be the complex with the set of vertices rt such that the simplices of 
Ict are the singletons {y}, y E rr . For y E r, let Py be the subcomplex of Ict with one 
vertex y. Let $1 : lick/ + E be the map defined by q$t (S) = es(a). Then (5) is satisfied: 
if z E UL, then .z E Ox(S) and hence #q(S) = cz(q E Q(z). 
Thus the construction is complete. Let r = l-l,“=, r,, K = lJ,“==, K,. For y E r put 
l(y) = n if y E r,. Let us prove that property (6) holds: if s = {yt, .. . , ok} is a finite 
subset of r such that the intersection n{U,: y E s} is nonempty and I(n) < . < 
I, then s is a simplex of Pyk. 
Pick a point z in the intersection n{U,: y E s}. Since each Xi covers X, for each 
i = 1,2,... there exists y E r with z E U, and t(y) = i. Hence for n = I(rk) there 
exists a finite subset t c I’, U . U IY, such that s c t and It n ri I = 1 for every 
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i= l,..., n.IftisasimplexofP+, the same is true for s. Thus we may assume from 
the beginning that the set Z(s) = {I(r): y E s} equals the interval [ 1, n] for some integer 
n, and argue by induction on n. 
Suppose that our assertion has been proved for all s c r with I(s) = [ 1, n], and let 
l(s) = [l,n + I]. Pick y,S E s so that l(y) = n, l(6) = n + 1. Then U, n r/6 # 0. 
We claim that y E B(S). Indeed, for 5 = ~(6) we have UL C O(x,n) c O;?(z,n) and 
therefore U, nO2 (z! n) 1 U, n Uk > U, n Uh # 8. On the other hand, it follows from our 
choice of 02(3:,n) that the condition U,nO~(x,n) # 0 implies that y E A,(z) = B(S). 
By the assumption of induction, s \ {S} . IS a simplex of the complex P7. Since y E B(h), 
it follows that s is a simplex of the complex PJ. Property (6) is proved. 
Applying the definition of property C to the sequence XI. X2. . of open covers of 
X, we get a sequence ~1, ~2. . . of disjoint families of open subsets of X such that 
h, = {V,: y E m}, V, c U, for every 7 E r and the family /L = {V,: y E r} covers 
X. Let {o,: y E r} be a locally finite partition of unity subordinated to the cover p. 
In other words, CTEr oy = 1, the family {supp(cyr): 7 E r} of the supports of the 
functions cy7 is locally finite and supp(cy,) c V, for each y E r. 
For every 2 E X let s(z) = {y E I? c+(r) > O}. The set s(z) is finite. Since each 
family pn is disjoint, we have Is(z) n G,) < 1 for each n = 1,2, . . The intersection 
ncu,: 7 E s(x)) IS nonempty, since it contains :c. It follows from (6) that s(z) is a 
simplex of P,, where 6 E s(z) is such that l(r) < I(S) for every y E s(z). Hence the 
formula 
Qr(z) = 1 {Qe: y E r} 
defines a map cy: X + 1x1 such that o(z) E IP,l for some 6 E s(z). Let 4: 1x1 --) E 
be the map which extends all the maps & : 1x1 + E. Then 4 o cr is a selection of @. 
Indeed, we noted that o(z) E /%I f or some S E s(z). On the other hand, the condition 
S E s(z) implies 17: E V, c U6 C VA, and hence we have 4(o(z)) E 4(lPbl) c G(z) 
according to (5). Thus $I and Q are as required. 0 
3. Theorem 1.2: plan of the proof 
Our proof of Theorem 1.2 is based on Piecewise-Linear Selection Theorem 2.1. Let 
f : X + Y be a map between compact spaces with fibres of dimension 6 k. Suppose 
that Y is a C-space, and let w = wx and WY be open covers of X and Y, respectively. 
We want to find a weakly k-polyhedral map g : T --) (ICI and maps KX : X --f T and 
KY : Y + llcl such that g&x = ~yf, KX is an w-map and KY is an WY-map. 
Let E be an infinite-dimensional real vector space. For every finite-dimensional linear 
subspace F of E let C(X, F) be the space of all continuous mappings from X to F, 
where F carries the natural topology (obtained by identification of F with IR?). Let 
C(X, E) = u { C(X, F): F is a finite-dimensional linear subspace of E}. 
For every y E Y let Q(y) be the subspace of C(X, E) defined as follows: if h E C(X, E), 
then h E G(y) if and only if h is an w-map and there exists a neighbourhood Of-’ (3) of 
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the fibre f-‘(y) in X such that h(Of-t(y)) is contained in the union of finitely many 
k-planes in E. Recall that by a k-plane in E we mean a set of the form v + F, where 
v E E and F is a linear subspace of E of dimension ,< k. 
We shall prove in Section 5 that CD satisfies the conditions of Theorem 2.1 and hence 
has a selection of the form described in that theorem. Such a selection yields the desired 
approximation of f. 
4. Theorem 1.2: preparations 
This section contains some facts that will be used in the proof of Theorem 1.2 in the 
next section. 
Proposition 4.1. Let L be a finite-dimensional vector space, and let E be a collection 
of subsets of L such that every A E E is the union of finitely many aftme subspaces of 
L. Then there exists a finite subcollection 3 c & such that n 3 = n E. 
Proof. Any decreasing sequence of algebraic subsets of L is eventually constant (since 
the ring of polynomial functions on L is Noetherian), hence the proposition holds for 
any collection E of algebraic subsets of L. 0 
Lemma 4.2. Let F be a closed subspace of a normal space X. If dim F < k, then for 
every$nite open cover w of X there exists an open refinement u of w and a neighbourhood 
OF of F such that every point in OF belongs to at most k f 1 members of u. 
Proof. There exists a finite closed cover 1-1 = {F,: a: E A} of F of multiplicity < k + 1 
which refines w. There is an open swelling y = {Va: a E A} of /L such that y refines 
w and for every B c A we have naEB U, = 0 if and only if naEB F, = 0. Let OF 
be a neighbourhood of F such that OF c UaEA U,. Let v be the union of y and the 
family w’ = {V \ OF: V E w}. 0 
Let K be a simplicial complex. The support of a point z E llcl is the unique closed 
simplex of llcl which contains 2 in its interior. Given a map f : X + (ICI, we say that a 
map g : X + llcj is a K-approximation of f if for every IC E X the point g(z) is in the 
support of f(z). The k-skeleton of 1x1 is the union of all simplices of dimension < k. 
Proposition 4.3. Let F be a closed subspace of a normal space X. If dim F < k, then for 
every simplicial complex K and every map f : X 4 IK( there exists a K-approximation 
off which sends some neighbourhood of F to the k-skeleton of /ICI. 
Proof. Assume for simplicity that K: is finite (this assumption is harmless, since we are 
going to apply Proposition 4.3 only for compact X). Let A be the set of vertices of K. The 
map f defines a partition of unity {fo: a E A} on X such that f(z) = CatA fa(z). a 
for every IC E X. Let U, = {z E X: fa(z) > 0). According to Lemma 4.2, there exists 
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an open refinement v = {Va: a E A} of the cover { Ucy : (u E A} and an open set 0 
containing F such that every point in 0 belongs to at most k + 1 members of V. Let 
{go: cy E A} be a partition of unity subordinated to v. The map g : X + 1x1 defined by 
g(z) = Ca&4g&) . Q is a K-approximation of f which sends the neighbourhood 0 
of F to the k-skeleton of 1x1. 0 
Proposition 4.4. Let X be compact, and let K be a finite simplicial complex. For eve? 
map f : X --+ 1 K / and every open cover w of X there exist a finite simplicial complex L, 
an w-map g : X -+ / L( and a simplicial map p : 1 L/ ---f 1 K 1 such that f = pg. 
Proof. Let A be the set of vertices of K. Let fa : X + I, (Y E A, be the functions 
defined by f(x) = CuEA fey(x) . a. Let {hp: ,8 E B} be a finite partition of unity on 
X such that the family of the supports of the functions ho refines w. For cv E A, ,R E B 
let g,o = faho and U,p = {z E X: golfi > O}. Let L be the nerve of the cover 
{Uao}. This means that L is a simplicial complex with the set of vertices A x B, and 
a subset s c A x B is a simplex of L if and only if n(,.oJES Uas # 0. The partition of 
unity [gap: Q E A, p E B] gives rise to the d-map g : X + ICI defined by 
g(x) = 1 gap(4 (Q,b?. 
CYEA,PEB 
Let p: (Cl + 1x1 be the simplicial map which sends each vertex (a. p) of L to cy. Then 
f = pg. Indeed, for every x E X we have 
pg(x) = P ( c ga,f3(x) M) = c Sap(~) . Cl 
~EA,PEB CXEA,PEB 
= c c fa(x)hp(x) .a = c fa(x) Qi = f(x). 0 
OEAREB LYEA 
If P = 1x1 is a compact polyhedron with a given triangulation and E is a linear space, 
we denote by C,f (P, E) the linear space of all functions f : P + E which are affine on 
simplices. If E is finite-dimensional, then so is the space Caf(P. E), since it is naturally 
isomorphic to E”, where n is the number of vertices in K. As in Section 3, for a compact 
X we denote by C(X, E) the linear space of functions j’ : X 4 E such that f(X) lies 
in a finite-dimensional linear subspace F of E and f is continuous as a function from 
X to F. 
Proposition 4.5. Let X be compact, P = IIcl be a compact polyhedron, E be a real 
linear space. There is a natural isomorphism between the spaces L1 = C(X, Caf (P, E)) 
and L2 = Caf(P,C(X, E)): maps f E L 1 and g E L2 correspond to each other if 
f(r)(p) = g(p)(x) for all 5 E X, P E P. 
Proof. If E is finite-dimensional, this is easy: both L1 and L2 are isomorphic to the space 
of all maps F: X x P 4 E such that F(z, .) : P ---t E is affine for every z E X. If E 
is infinite-dimensional, for every linear subspace F of E let Li (F) = C(X, C,f (P, F)) 
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and L*(F) = C,f(P, C(X, F)). Then LI = U{&(F): F c E, dim F < CXJ} and 
similarly for L2, so the general case follows from the finite-dimensional one. •I 
For topological spaces X and Y we denote by C(X, Y) the space of all continuous 
maps from X to Y in the compact-open topology. All topological spaces are assumed to 
be Hausdorff. 
Lemma 4.6. Let X and P be compact, let F be a topological space, and let w be an 
open cover of X. If B : X -+ C(P, F) is a map such that for every p E P the map 
Bp:X 4 F dejined by BP(x) = B(z)(p) is an w-map, then every map B’ which is 
sufJiciently close to B in the space C(X, C(P, F)) has the same property. 
Proof. This follows from two facts: (1) there is a natural homeomorphism between 
C(X, C(P, F)) and C(P, C(X, F)); (2) the set of all w-maps from X to F is open in 
C(X, F). 0 
5. Proof of Theorem 1.2 
Let @ be the multi-valued map defined in Section 3: if y E Y, then G(y) is the set of 
all w-maps h : X + E which send some neighbourhood of the fibre f-‘(y) to a finite 
union of k-planes in E. Our proof of Theorem 1.2 proceeds in four parts. We prove that: 
(a) @ is PL-continuous; (b) for every y E Y the set Q(y) is nonempty; (c) for every 
y E Y the set Q(y) is PL-contractible; (d) the selection of @ provided by (a)-(c) and 
Theorem 2.1 yields Theorem 1.2. 
(a) We prove that @ is PL-continuous. Let y E Y, and let A c C(X, E) be a simplex 
such that A c Q(y). It suffices to show that for some neighbourhood Oy of y we have 
A c Q(z) for every z E Oy. 
Let F be a finite-dimensional linear subspace of E such that A c C(X, F). For every 
h E A let Fh C F be a finite union of k-planes such that h sends some neighbourhood 
of f-‘(y) to Fh (such a set Fh exists since h E G(y)). Let Qh C Caf(A, F) be the set 
of all affine maps t : A + F such that t(h) E Fh. The set Qh is a finite union of affine 
subspaces of the finite-dimensional linear space Caf (A, F). According to Proposition 4.1 
there exists a finite subset C c A such that 
n Qh = n Qh. 
hLEC hEA 
Let U be a neighbourhood of f-‘(y) in X such that h(U) c Fh for every h E C. We 
claim that h(U) C Fh for every h E A. 
According to Proposition 4.5, the embedding of A into C(X, F) corresponds to a 
map B : X --f Caf(A, F). If 2 E X and h E A, then the conditions B(z) E Qh and 
h(z) E Fh are equivalent. Let z E U. We have h(z) E Fh and hence B(z) E Qh for 
every h E C. Thus B(z) E nhec Qh. By the choice of C it follows that B(z) E Qh 
and hence h(s) E Fh for every h E A. Thus h(U) C Fh for every h E A, as claimed. 
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Let Oy be an open neighbourhood of y such that f -’ (Oy) c U. If z E Oy and h E A, 
then h E Q(z). since h sends the neighbourhood U of f-’ (z) to the set Fh which is a 
finite union of k-planes. Thus n c Q(z) for every z E Oy and @ is PL-continuous. 
(b) We check that for every y E Y the set Q(y) is nonempty. Since dim f-’ (y) < k, 
according to Lemma 4.2 there exist a finite open cover y of X and an open set 0 > 
f-t (y) such that y refines w and every IL: E 0 belongs to at most k + 1 members of y. 
Take a partition of unity {a,-~: U E y} subordinated to y, and pick points pu E E in 
general position, U E y. The canonical map h : X 4 E defined by 
h(z) = c w(x) . PU 
is an w-map which sends the neighbourhood 0 of f -’ (y) to a finite union of k-planes. 
Thus h E G(y) # 0. 
(c) We check that for every y E Y the set Q(y) is PL-aspherical. Let P be a compact 
polyhedron (with a given triangulation), and let g : P ---f @p(y) be a map which is affine 
on simplices. We must show that g is PL-homotopic to a constant map or, equivalently, 
that there is a PL-map G : Cone(P) ---f G(y) which extends g. 
According to Proposition 4.5, the map g corresponds to the map B : X -+ Caf(P, E) 
defined by B(z)(p) = g(p)(z). Let F be a finite-dimensional linear subspace of E 
such that h(X) c F for every h E g(P), and let L = Caf (P, F). Then L is a finite- 
dimensional linear subspace of Caf (P, E). The compact set B(X) lies in L. 
Let us say that g is special if there exists a neighbourhood U of f-‘(y) such that 
B(U) is contained in a finite union of k-planes in L. To prove (c), it suffices to prove 
that: (cl) every affine map g : P 4 Q(y) is PL-homotopic to a special map; (~2) every 
special map g : P -+ Q(y) is PL-homotopic to a constant map. To simplify the notation, 
in both cases we assume that P c Q(y) and g is the embedding of P into @6(y). 
(cl) We prove that the embedding g : P + Q(y) is PL-homotopic to a special map. 
Since B(X) is a compact subset of L, there exists a compact polyhedron T c L such 
that B(X) c T. We claim that there exists a compact polyhedron 5’ c T such that: 
( 1) B sends some neighbourhood of f- ’ (y) to 5’; 
(2) for every h E P the set S(h) = {s(h): s E S} c E is contained in a finite union 
of k-planes. 
The argument is similar to the one used in (a). For every h E P let Fh c F be a 
finite union of k-planes such that h sends some neighbourhood of f-t (y) to Fh. Let 
Qh C Caf (P> F) be the set of all affine maps t : P -+ F such that t(h) E Fh. In virtue 
of Proposition 4.1, there exists a finite subset C c P such that 
he-C hCP 
It f0110ws that nhEp Qh is a finite union of affine subspaces of C,f (P, F). Hence 
S=Tnnh,P Qh is a straight polyhedron. Let U be a neighbourhood of f-‘(y) in X 
such that h(U) C Fh for every h E C. Arguing as in (a), we see that h(U) c Fh for 
every h E P. This means that B(U) C S. Since S(h) C Qh(h) c Fh for every h E P, 
the polyhedron S has the required properties. 
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There exists a triangulation K: of T with the following property: if B’ : X --f T is 
a K-approximation of B, then for every h E P the map IZ: H B’(z)(h) of X to E is 
an w-map (Lemma 4.6). We may assume that the subpolyhedron S of T is a union of 
simplices of K. 
Let B’ : X + T be any K-approximation of B, and let g’ : P -+ C(X, E) be the 
map corresponding to B’. We claim that g’(P) C Q(y). It suffices to verify that for 
every h E P the map g’(h) : X + E is an w-map which sends the neighbourhood U 
of f-‘(y) to Ph. The map g’(h) coincides with the map z t-t B’(z)(h) and hence is 
an w-map by the choice of K. Since B(U) c S, B’ is a K-approximation of B and 5’ 
is a subpolyhedron of [ICI, it follows that B’(U) C S. Hence for every z E U we have 
g’(h)(z) = B’(z)(h) E S(h) C Fh, and the claim is proved. 
In virtue of proposition 4.3, there exists a K-approximation B1 :X 4 T of B such 
that B1 sends some neighbourhood V of f-‘(y) to the k-skeleton of (ICI = T. The 
corresponding map gi : P + @i(y) is special. For every number t E I the map (1 - 
t)B + tB1 is a K-approximation of B, hence the range of the corresponding map gt = 
(1 -t)g+tg1 : P + C(X, E) is contained in G(y) in virtue of the preceding paragraph. 
The family {gt: t E I} gives rise to a PL-homotopy P x I + Q(y) which connects g 
with the special map gi 
(~2) We prove that every special embedding g : P + Q(y) can be extended to an affine 
map Cone(P) --) G(y). 
Since g is special, there exist a finite union S of &planes in L = Caf(P, F) and a 
neighbourhood U of f -’ (y) such that B(U) c S. Since E is infinite-dimensional, there 
exists a linear subspace L’ in E such that L’ n F = (0) and dim L’ = dim L. Think 
of L’ as of a copy of L, and let B’ : X --+ L’ be the corresponding copy of the map 
B : X + L. Let G : Cone(P) + C(X, L’ @ F) c C(X, E) be the extension of the 
embedding g : P + C(X, E) which sends the vertex w of the cone Cone(P) to the map 
B’ E C(X, L’) c C(X, E) and is linear on the segments connecting ‘u with points of 
P. We claim that G(Cone(P)) c @p(y). 
Points of the cone Cone(P) can be written as pairs (h, t), where h E P, 0 < t < 1 and 
2) = (h, 1) for every h E P. We have G(h, t) = (1 - t)h + tB’. Since the sum L’ $ F is 
direct, we can identify the subspace L’@ F of E with the product L x F. The map G(h, t) 
is then identified with the map G’ : X + Lx F defined by G’(z) = (tB(z), (1- t)h(z)). 
To prove that G(h, t) E Q(y), it suffices to prove that G’ is an w-map which sends the 
neighbourhood U of the fibre f-‘(y) to a finite union of k-planes. 
The map h : X + E is the composition of the map B : X -+ Caf(P, E) and the 
evaluation map eh : Caf (P, E) + E defined by eh(s) = s(h). It follows that the fibres 
of B are finer than the fibres of h. The fibres of the map G’ are finer than the fibres of 
h (if t < 1) or finer than the fibres of B (if t = l), so in any case they are finer than the 
fibres of h. Since h is an w-map, so is G’. 
We now show that the image of U under G’ is contained in a finite union of Ic-planes 
in L x F. Let R = {(tB(z), (1 - t)h(z)): II: E U} be the image of U under G’. Since 
B(U) c Sand h = ehoB, the set R is containedin the set RI = {(ts, (I-t)eh(s)): s E 
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S} which is the image of 5’ under a linear map. Since S is a finite union of Ic-planes, so 
is Ri. This finishes the proof of (~2) and also of (c). 
(d) We have verified in (a)-(c) that @ satisfies the conditions of Theorem 2.1. In virtue 
of that theorem, there exists a simplicial complex K, a continuous map (Y : Y ---f K = 1x1 
and a PL-map z H q5t from K to C(X, E) such that $a(y) E Q(y) for every y E Y. We 
may assume that the polyhedron K is compact. There exists a finite-dimensional linear 
subspace F in E such that the polyhedron 4(K) lies in C(X, F). Let 6 : X + Y x F 
be the map defined by K(Z) = (f(z), 4 acf(z.,(z)). Then K is an w-map. Indeed, let A 
be a fibre of K. Then A c f-‘(y) for some y E Y, and &(y) is constant on A. Since 
ti al(u) E Q(y) and Q(Y) consists of w-maps, it follows that A is contained in a member 
of w. 
Let v be an open cover of K(X) such that K-‘(V) refines w. There exists an open 
cover y of Y with the following property: for any y-map g : Y 4 Y’ the restriction of 
the map g x idp to K,(X) is an v-map. We may assume that y refines WY. According 
to Proposition 4.4, the map cr : Y -+ K can be written as LY = s/9, where /3 : Y -+ L 
is a y-map, L is a compact polyhedron and s : L + K is a simplicial map. Define 
6x : X -+ L x F by KX(Z) = W(x)), 4 a(f(z,~(x)). Then KX is an w-map, since it is 
the composition of an w-map K and a v-map (p x idF)IK(X). 
LetT=Kx(X)~LxF,andletp:T + L be the projection. The diagram 
X-T 
f I I P 
YgrL 
commutes. Since KX is an wx-map and p is an wy-map, it remains to show that the 
map p is weakly &polyhedral. 
We must check that for every z E L the set T, = {u E F: (z, u) E T} is contained 
in a finite union of k-planes. Pick z E L and put 4 = $,(,I. Let N = p-‘(z) c Y. We 
have 
Tz = {&(f(z))b:): P(f(4) = z> = {dqo(f(z)))CQ @(f(4) = z> 
= {4s(z)W P(m) = z> = {dw f(x) E q = 4(f-‘(w). 
If Y E NY then 4 = A(,) = A(P(~)) = A+) E G(y) and hence there exists a neigh- 
bourhood Oy of y such that q5(f-’ (0~)) 1’ ies in a finite union of k-planes. Since the 
compact set N can be covered by finitely many sets of the form Oy, it follows that 
T, = $(f-‘(N)) al so ies in finite union of k-planes. Thus p is weakly Ic-polyhedral. 1’ •I 
6. Z-sets 
In our proof of Theorems 1.3-1.5 we shall use the notion of a Z-set. Let us accept 
the following definition: a closed subset A of a topological space X is a Z-set in X 
if for any compact space K the subspace C(K, X \ A) is dense in C(K, X). If X is 
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a separable metric ANR, this definition agrees with the usual one [13]. Recall that we 
consider the compact-open topology on function spaces C(X, Y). For a closed subset 
A c X to be a Z-set, it suffices that the identity map of X be in the closure of the 
subspace C(X, X \ A) of C(X, X). 
Proposition 6.1. If A is a Z-set in X and U is open in X, then A n U is Z-set in U. 
Proposition 6.2. Let {X,: cy E A} be an infinite family of topological spaces, and let 
F, be a proper closed subset in X, for each Q E A. Then F = naYEA F, is a Z-set in 
X = naGA XW 
Proof. For each Q E A pick a point p, E X, \ F,. For every B c A let f~ E C(X, X) 
be the map defined by: if rz: = {z,} E X and fs(z) = {yla}, then ya = 5, for every 
o E B and yYa = p, for every Q: E A \ B. Let 5’ = {nn: B c A, B finite}. Then 
S c C(X, X \ F) and the identity map of X is in the closure of S. Hence F is a Z-set 
inX. 0 
Proposition 6.3. Let E be a topological vector space. Lf X is a convex subset of E and 
A is a Z-set in X, then X \ A is aspherical. 
Proof. Let K be compact. It suffices to show that every map f : K -+ X\A is homotopic 
to a constant map. Let F : Cone(K) + X be an extension of f. Since A is a Z-set, there 
exists a map G : Cone(K) --) X \ A which is arbitrarily close to F. Let g = GJK. If 
G is sufficiently close to F, the straightline homotopy between f and g does not hit A. 
It follows that f and g are homotopic as maps into X \ A. Since g is homotopic to a 
constant map, so is f. 0 
Proposition 6.4. Let X be a metrizable convex subset of a locally convex space. If A is 
a Z-set in X, then X \ A is contractible. 
Proof. According to the Dugundji extension theorem, X is an ANR, hence so is X \ A. 
Being aspherical (Proposition 6.3), X \ A is an AR and therefore contractible. 0 
A semigroup is a set with an associative multiplication (IC, y) ++ zy which has a unity. 
A subset J of a semigroup 5’ is a right ideal if JS C J. A topological semigroup is a 
topological space and a semigroup with a continuous multiplication. 
Proposition 6.5. Let S be a topological semigroup with the unity e. Zf A is a closed 
subset of S such that S \ A is a right ideal of S and e is in the closure of S \ A, then 
A is a Z-set in S. 
Proof. Let J = S \ A. It suffices to show that for every compact K c S there exists a 
map f : K -+ S which is arbitrarily close to the embedding i of K into S and satisfies 
f(K) c J. For every 2 E S let fz : K -+ S be the map defined by f,(y) = xy. Since 
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J is a right ideal, for every II: E J we have fz(K) = xK c J. The map x H fz from 
S to C(K, S) is continuous. Since e is in the closure of J and i = fe, it follows that i 
is in the closure of the set F = {fz: z E J}. Since F c C(K, J), we are done. 0 
7. Proof of Theorems 1.3 and 1.4 
Proof of Theorem 1.3. We prove that C + S’s 3 St + & + C. Note that SI =+ SZ 
is trivial, and Ss + St holds since the semicontinuity condition of S3 is satisfied by the 
multi-valued map of S1 . Thus we must prove C + S’s and Sl + C. 
C + 5’s. This is essentially the same as the proof of Theorem 2.1, simply omit in that 
proof the requirement that the maps & : ]&,I --f E be piecewise-linear. 
S, + C. Let X be a paracompact space with the property S2. We must prove that 
for any sequence y1,3, . . . of open covers of X there exists a sequence ~1, ~2, . of 
disjoint families of open sets in X such that each pi refines ~i and the union IJE, pi 
is a cover of X. For every i = 1,2, . . . there exists a map fi : X --f Mt of X to a 
metric space Mt such that the cover {ft:’ (U): U . 1s an open ball of radius 2 in Mi} of 
X refines “ii. There exists a Banach space B which contains isometric copies of all Mi’s, 
thus we may assume that all functions fi are of the form fi : X + B. We may as well 
assume that B is the space C(K) of all continuous real functions on a zero-dimensional 
compact space K, since every Banach space admits an isometric embedding into a space 
of this form. 
Let A = {h E C(K): h h as an integer value at some point z E K}. This is a 
closed nowhere dense subset of B which is the union of hyperplanes in B of the form 
(h f B: h(z) = n}, h w ere x runs over K and n runs over the set of integers. These 
hyperplanes partition the space B into open cells of diameter < 1. Let X be the family 
of all components of B \ A. This is a disjoint family of open subsets of B of diameter 
< 1. 
Suppose gr , g2, . . . is a sequence of maps gi : X 4 B such that the distance between 
f% and gi is 6 1. Then putting I*% = gi’ (A), i = 1,2, . . . ! we get a sequence of disjoint 
families of open sets in X. Each pi refines 7%. Indeed, elements of pi are of the form 
9,; ’ (U), where U has diameter < 1. Let 0 be an open ball of radius 2 with the center 
at some point p of U. Then gi’ (U) c f,- ’ (0), since for every z E gi ’ (U) we have 
d(fi(x),p) < d(fi(z),gi(x)) + d(gi(Z),p) < 1 + 1 = 2, where d denotes the distance 
in B. Since f,-’ (0) is contained in an element of yi, we see that pi refines 7%. The 
union p = U,“=, /Li is a cover of X if and only if the map G: X + B” defined by 
G(z) = (g&),g2(4,~. .I avoids the set A”, in the sense that G(X) c B” \ A“‘. Thus 
it is sufficient to construct a sequence of maps gr ,g2, . . such that d(f,, gi) < 1 and for 
G = (g,,gz,. . .) we have G(X) c B” \ A”. 
There exists a homeomorphism h : B + U of B onto the unit ball U centered at 
the origin. Let H = h” : B” + U”. Let F : X --) B” be the map defined by F(x) = 
(f,(x), f2(2), . .). Let V be the set of all pairs (2, y) E Xx B” such that H(y)+F(x) E 
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B” \A”. Then V is open in X x BW. FixzEX,andletV,={yEBw:(z,y)EV}. 
Then 
V, = H-’ (U“’ \ (A” - F(a))) 
i=l 
Since A is nowhere dense in B = C(K) (this follows from dim K = 0), the set A-f,(z) 
does not contain U. Hence C,(z) = h-’ (U fl (A - fi(x))) is a proper closed subset of 
B. According to Proposition 6.2, 
C(x) = &i(X) 
i=l 
is a Z-set in B”. Since V, = B” \ C(x), it follows that V, is nonempty. Proposition 6.4 
implies that V, is contractible. 
The Frechet space B” is homeomorphic to a Banach space, according to Torunczyk’s 
theorem. Applying property (5’2) with Y = BW, we get a map S : X + B” such that the 
graph of S is contained in V. This means that H(S(z)) + F(s) E BW \ A” for every 
2 E X. Put G(z) = H(S(z)) + F(z), and let gt,gz, . . . be the sequence of maps for 
which G = (gt,gz, . . .). The sequence gl,gz, . . , is as required. Indeed, G avoids A” 
by construction. Since for every z E X the point (91 (z) - ft (z), g2 (z) - fz(z), . . .) = 
H(S(z)) is in U”, the distance between fi and gi is 6 1 for each i = I, 2,. . . . 0 
Proof of Theorem 1.4. Let X be a compact C-space. Given a map @ : X + 2(Q), let 
V c X x Q be the open set of all pairs (z, y) such that y 4 Q(z). For every z E X the 
set V, = Q \ @( 2 IS contractible (Proposition 6.4). Since X, in virtue of Theorem 1.3, ) 
has property Sl, there exists a map g : X + Q such that g(z) E V, for every 2 E X. 
This proves the “only if” part of Theorem 1.4. 
The proof of the “if” part is similar to the proof of the implication S2 + C in 
Theorem 1.3. Suppose that X is a compact space satisfying the condition of Theorem 1.4: 
for every @ : X -+ 2(Q) there exists g : X + Q such that g(z) $ Q(z) for every 2 E X. 
We must prove that for any sequence yt, 72,. . . of open covers of X there exists a 
sequence ~1,~2,. . . of disjoint families of open sets in X such that each pi refines 
~i and the union Ur, pi is a cover of X. For every i = 1,2,. . . there exists a “ii- 
map fi : X + Pi of X to a compact polyhedron Pi. Considering Pi as a subspace of a 
Euclidean space IR? and multiplying fi by a large constant, we may assume that Pi is the 
cube [0, nilni c JR? and that the cover {f%-‘(U): U is an open ball of radius 2 in Pi} 
of X refines pi. Here we consider the metric d((zk), (yk)) = max (ICY - yk( on lR?a. 
Let Ai c IF* be the union of all hyperplanes ((5,): xj = m}, where 1 < j < rzi 
and m is an integer. The set Ai partitions the space IR ni into open cubes with side 1. 
Let Xi be the family of components of Pi \ Ai. Suppose gt , g2, . is a sequence of maps 
gi:x --f pi. Put pi = g*:‘(xi), i = I,2 ).... Each ~_li s a disjoint family of open sets 
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in X. If the distance between fi and gi is < 1, then the argument used in the proof of 
Theorem 1.3 shows that pi refines pi. Let 
p = pt> A=nAi. 
i=l z=I 
The union I_L = lJ,“=, pi is a cover of X if and only if the map G : X + P defined by 
G(z) = (gl (a), gz(x), . . .I avoids the set A, in the sense that G(X) c P \ A. Thus it 
is sufficient to construct a sequence of maps gt, g2,. . . such that d(f,, gi) < 1 and for 
G = (gt ,g2,. . .) we have G(X) c P \ A. 
For every i = 1,2, . . and every n: E X let hi,+ be the affine homeomorphism of RWnl 
onto itself defined by &(y) = fi(~) + (y - fi(x))/ni. The inverse homeomorphism is 
defined by h&!(y) = fi(z)+lzi.(y-fi(~)). Let C~(Z) c Pi be the unionof Pinh<j(Ai) 
with the boundary of the cube Pi. It is easy to see that the map z H Ci(Z) from X to 
the space of closed subsets of Pi with the Vietoris topology is continuous. 
Let 
@(zE) = fi G(z). 
i= 1 
According to Proposition 6.2, Q(Z) is a Z-set in the Hilbert cube P. By our assumption 
onXthereexistsamapS=(si,s2,. .) from X to P such that S(Z) $! @P(Z) for every 
2 E X. Let gi :X -+ Pi be the map defined by gi(Z) = hi,,(si(z)). We claim that the 
sequence gt , g2, . . is an required. 
The point hi,,(y) is rti times closer to fi(~) than y. Since Pi = [0, =iln2, the set 
h,,,(Pi) is contained in the ball of radius 1 centered at fi(~) (with respect to the max- 
metric d). It follows that d(fi, gi) < 1. Let us check that G(X) misses A, where G(z) = 
(gi(2),gz(5), .). Let z E X. Since S(Z) $! @(xc), th ere exists an integer i such that 
Si(5) $! Ci(Z). S ince the set Pi n h$(Ai) is contained in C~(Z), it follows that gi(x) = 
hs,z(si(x)) $ Ai. Thus G(X) C P \ A. q 
8. Theorem 1.5: preparations 
Given a map f : X + Y, a self-map g of X is jibre-preserving (for f) if f g = f. Our 
proof of Theorem 1.5, like the proofs of special cases of this theorem in [&lo], is based 
on the following proposition: 
Proposition 8.1 [8,9]. Let f : X -+ Y be an open onto map between compact metric 
spaces. The map P(f) : P(X) + P(Y) is a Q-bundle if and only if there exist fibre- 
preserving sewmaps of P(X) which are arbitrarily close to identity and have disjoint 
ranges. 
This assertion follows from the Torunczyk-West characterization of Q-bundles and 
Michael’s selection theorem for convex-valued maps. 
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Let A be a subspace of topological space Z. A map f : X -+ Y is soft relative to the 
pair (Z, A) if for any maps g : Z + Y and h : A -+ X such that gl A = fh there exists 
an extension h: Z -+ X of h such that g = fx. A map is soft if it is soft relative to any 
pair (Z, A) such that Z is paracompact and A is closed in Z. 
Proposition 8.2 [8]. Zf f : X -+ Y is an open onto map between compact metric spaces, 
then the map P(f) : P(X) + P(Y) is soft. 
In the terminology of [8] this means that the functor P is functionally metrizably 
(0, co)-soft. Fedorchuk 181 attributes this assertion to many people (Keller, Klee, Michael, 
etc.). 
Proof. Let A be a closed subspace of a paracompact space Z. Let g : Z + P(Y) and 
h: A + P(X) be such that glA = P(f)h. W e must find an extension h : Z + P(X) of 
h such that g = P(f)% 
For every z E Z let Q(z) be the closed convex subset of P(X) defined by: 
G(z) = {h(z)} if z E A, and 
Q(z) = P(f)-’ (g(z)) if .a E Z \ A. 
It can be shown that P(f) is open, hence @ is lower semicontinuous. The set P(X) is 
affinely homeomorphic to a convex subset of a FrCchet space, so we may regard each 
G(z) as a closed convex subset of a Frechet space. Michael’s selection theorem implies 
that Qi has a continuous selection h : Z -+ P(X). The map h is as required. 0 
According to the Torunczyk-West theorem, a soft map f : X 4 Y between compact 
metric ANR-spaces is a Q-bundle if and only if there exist self-maps gl, g2 of X such 
that gi, g2 are arbitrarily close to identity, fgi = fg2 = f and gl(X) n g2(X) = 0. 
Proposition 8.1 follows from this theorem and Proposition 8.2. 
A section of a map f :X 4 Y is a right inverse of f, that is a map s : Y + X such 
that fs is the identity map of Y. 
Proposition 8.3. Let f : X + Y be an open onto map between compact metric spaces. 
For every y E Y and every p E P(X) with P(f)(p) = y there exists a section 
s: P(Y) + P(X) ofP(f) such that s(y) = p. 
Proof. In virtue of Proposition 8.2, P(f) IS a soft map. Apply the definition of softness 
with Z = P(Y),g the identity map of P(Y), A = {y} and h(y) = p. 0 
9. Proof of Theorem 1.5 
Let f : X + Y be an open map between compact metric spaces such that for every 
y E Y the fibre f-‘(y) IS infinite. Assume that Y has property C. We must show that 
P(f) : P(X) -+ P(Y) is a trivial Q-bundle. 
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In virtue of Proposition 8.1, it suffices to prove that there are fibre-preserving maps 
of P(X) into itself which are arbitrarily close to identity and have disjoint ranges. We 
shall deduce this from our selection theorem. 
For y E Y put X, = f-‘(y). If K is a compact convex subspace of a locally convex 
space, then every map g : X 4 K has a natural affine extension 9 : P(X) + K defined 
by g(p) = J gp. In particular, every map g : X -+ P(X) has a natural affine extension 
8: P(X) 4 P(X). The map 9 is fibre-preserving if and only if g(X,) c P(X,) for 
every y E Y. Let 2 be the space of all maps g : X --+ P(X) with this property, equipped 
with the compact-open topology. The space 2 is naturally homeomorphic to the space 
of all affine fibre-preserving self-maps of P(X). If g E 2 and y E Y, then 9 induces a 
self-map gy of P(X,). 
The embedding j of X into P(X) is an element of 2. Let U be a convex open 
neighbourhood of j in 2. We must prove that there exist g, h E U such that the self- 
maps g and E of P(X) h ave disjoint ranges. There exists a compatible metric d on P(X) 
such that all open balls with respect to d are convex: for example, pick a countable dense 
subset {fn: n E w} in the unit ball of C(X) and put 
d(p, A) = sup 2-” . 
nEw 
We may assume that for some E > 0 the neighbourhood U of j is the set of all g E 2 
such that d(g(z), x) < E for every z E X. 
Let E = 2*. For every y E Y let @p(y) be the subspace of E defined as follows: if 
g, h E 2, then (g, h) E Q(y) if and only if g, h E U and the self-maps gy and hy of 
P(X,) have disjoint ranges. We are going to apply Theorem 1.3 to prove that @ has a 
continuous selection. 
Let V = UYEY{y} x Q(y) c Y x E. T o apply Theorem 1.3 it suffices to check that: 
(a) V is open; (b) each G(v) is nonempty; (c) each Q(y) is aspherical. We then show 
that the existence of a continuous selection of Cp yields Theorem 1.5. 
(a) We check that V is open. Let (y, (g, h)) E V. Since the compact convex sets 
SMX,)) and h(P(X,)) are disjoint, there exist disjoint convex open subsets 0, and 
02 of P(X) such that g(P(X,)) c 0 I and h( P(X,)) c 02. Let Oy be a neighbourhood 
of y such that for IV = f-‘(0~) we have g(W) c 01 and h(W) c 02. If z E Oy, 
then the closed convex hull of the set g(X,) is a compact subset of 01. It follows that 
for every p E P(X,) we have q(p) = Jgp E 01. Thus g(P(Xz)) c 01 and similarly 
x(P(X,)) C 02. It follows that (g, h) E Q(z). Let Og be a neighbourhood of g in 2 
such that Og c U and g’(W) c 01 for every g’ E Og. Define Oh similarly. Replacing g 
and h by g’ and h’ in the argument above, we see that the neighbourhood Oy x (Og x Oh) 
of (y, (g, h)) lies in V. 
(b) Let y E Y be given. We prove that Q(y) is nonempty. The proof proceeds in three 
steps: (bl) we show that there exists g E 2 such that d(g(z), x) < E for every z E X, 
and g(P(X,)) is finite-dimensional; (b2) we show that there exists g E U with the same 
properties; (b3) we deduce (b) from (b2). 
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(bl) We first construct a map gy : X, + P(X,) such that &(gy (z), z) < E for every 
z E X, and gV : P(X,) ---f P(X,) is finite-dimensional. Let y = (0,: (Y E A} be a 
finite open cover of Xy by nonempty sets of d-diameter < E. Let r = {ha: a E A} 
be a partition of unity subordinated to y. For every a E A pick a point p, E 0,. Let 
us check that the map gy : X, + P(X,) defined by gy(z) = CaEA h,(s) -pa has the 
required properties. 
The range of iJg is contained in the convex hull of the finite set {pa: a E A}. We 
show that d(g, (2)) x) < E for every z E X,. Pick it: E X,, and let C be the open ball 
in P(X) of d-radius E centered at x. Let B = {QI E A: h,(x) > 0). If a E B, then 
z E 0,, hence c&, x) < diam 0, < E and p, E C. It follows that 
is a convex combination of points of C. Since C is convex, we have gy (z) E C and 
hence d(gy(x), z) < E. 
We now construct an extension g of gy such that g E 2. The partition of unity r defines 
a map of X, into a simplex of dimension Card(r) - 1. This map can be extended over 
X. It follows that there exists a partition of unity {Ha: a E A} on X such that the 
restriction of Ha to X, coincides with h,, a E A. In virtue of Proposition 8.3, for every 
cy E A there exists a section s, : P(Y) + P(X) of p(f) such that s&y) = p,. The map 
g : X + P(X) defined by g(z) = zcvEA Ha(x) e s,(f(x)) belongs to 2 and extends 
QY. 
(b2) Let g E 2 be a map with the properties as in (bl). There exists a neighbourhood 
01~ of y such that for W = f-‘(y) we have d(g(z),z) < E for every z E W. Let 
h : Y -+ I be a function such that h(y) = 1 and h(z) = 0 for every x E Y \ Oy. Define 
a map g’ : X -+ P(X) by g’(z) = h(f(x)) h g(x) + (1 - h(f(x)) - x. Then g’ E 2 and 
g’ moves every point in X by no more that E, hence g’ E U. Since g’ and g coincide on 
X,, the set ?J(P(X,)) is finite-dimensional. Thus g’ is as required. 
(b3) Let g E U be such that F = g(P(X,)) is finite-dimensional. Since X, is infinite, 
P(X,) is infinite-dimensional and hence there exists I_L E P(X,) which is not in the 
affine subspace generated by 8’. In virtue of Proposition 8.3, there exists a section s of 
p(f) such that s(y) = p. Let 61, S:! be distinct positive numbers. Define hi E 2 by 
hi(x) = (1 - &) . g(x) + & - s&f(x)), i = 1,2. If S1 and S2 are sufficiently small, then 
hl, h2 E U. The sets hl (P(X,)) and &(P(X,)) are disjoint, since they lie in the disjoint 
sets (1 - 61 )F + 81~ and (1 - &)F + &A, respectively. Thus (hl , hz) E Q(y) # 8. 
(c) We prove that Q(y) is aspherical. Let Ty be the set of all pairs (g, h) E .Z* such 
that the sets g(P(X,)) and ?$P(X,)) meet. Then Q(y) = U* \ Ty. Let us prove that Ty 
is a Z-set in E. 
We are going to apply Proposition 6.5. The space C(P(X), P(X)) of all self-maps 
of P(X) in the compact-open topology is a topological semigroup. The subsemigroup 
of CNX), P(X)) consisting of all fibre-preserving maps is naturally homeomorphic 
to 2, therefore 2 has a natural structure of a topological semi-group. If g, h E 2, the 
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product of g and h in Z is the map ?j o h : X + P(X). The space E = 2* also is a 
topological semigroup. We claim that E \ Ty is a right ideal in E. 
Let S be the semigroup of all self-maps of P(X,). There is a natural semigroup 
homomorphism Ic : 2 + S, defined by It(g) = g,. The set D of all pairs (g, h) of self- 
maps of P(X,) such that the ranges of g and h are disjoint is a right ideal in S*. Since 
E \ Ty = (/?-l(D), it follows that E \ TV is a right ideal in E. 
We proved in (b) that U* \ TV = @p(y) # 0. S’ mce the neighbourhood U of j could be 
chosen arbitrarily small, it follows that the unity (j, j) of E is in the closure of E \ TV. 
In virtue of Proposition 6.5, Ty is a Z-set in E. 
Proposition 6.1 shows that TV Ti l_J* is a Z-set in U*. Since 2 is a convex subspace of 
a locally convex space, so are U and U*. Proposition 6.3 implies that G(y) = U2 \ Ty is 
aspherical. 
We have verified (a)-(c). Theorem 1.3 now implies that there is a continuous selection 
#:Y + E of @. Let 4(y) = (gy, hy), and let g, h: X 4 P(X) be the maps defined 
by g(z) = gf(z)(z) and h(z) = hfc5) (z), respectively. We show that g and h are as 
required: g, h E U and the maps S and x have disjoint ranges. 
The maps g and h move every point in X by no more than E, hence g, h E U. For 
every y E Y the sets g(P(X,)) = ?&(P(X,)) and %(P(X,)) = &,(P(X,)) are disjoint, 
since (gy, hr,) E Q(y). We claim that it follows that the sets g(P(X)) and @P(X)) are 
disjoint. 
Suppose the contrary. Let g(p) = h(X) f or some 1-1, X E P(X). Since p(f) 0 g(p) = 
P(p)(p) and similarly for X, we have P(f)(p) = P(f)(X) = : Y E P(Y). Let y E Y 
be any point in the support of the measure V. Since the compact convex sets g(P(X,)) 
and %(P(X,)) are disjoint, there exist disjoint convex open subsets 01 and 02 of P(X) 
such that g(P(X,)) c 01 and @P(X,)) c 02. As in the proof of (a) above, there 
exists a neighbourhood Oy of y such that for every z E Oy we have g(X,) c 01 and 
h(X,) c 02. Let W = f-‘(Oy), and let a = p(W) = X(W) = v(Oy) > 0. Let 
X be the characteristic function of W, defined by X(z) = 1 if IC E IV and x(z) = 0 
if x E X \ IV. Let g(p)w = x . g(p) be the restriction of the measure g(p) to IV, 
considered as a measure on X. If CC E IV, the measure x g(z) equals g(z), since the 
support of the measure g(z) is contained in f-‘(f(z)) c IV. Similarly, if J: E X \ W, 
then the support of g(z) is contained in X \ W and hence x . g(z) = 0. It follows that 
0)~ = x . S(p) = x sx gp = J,(x g)p = &, gp. Since g(W) c 01, we have 
a-‘&)w = a-i &, 91-1 E 01. Similarly, for the restriction E(X), of the measure h(X) 
to W we have a-‘h(X)w E 02. Since the sets 01 and 02 are disjoint, this contradicts 
the assumption that g(p) = h(X) . 13 
10. Remarks 
Remark 1. This remark is due to Ernest Michael. We defined in Section 1 the properties 
Si - 5% of a space X. Let S4 be the same as S,, except that Y is a Banach space. Each 
of Si - Sd has two versions: a weak version, which assumes that each G(z) is AR, 
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and a strong version, which assumes that each Q(Z) is aspherical. (The case where each 
Q(Z) is contractible lies in between.) For & and Sd one can also consider the version 
which assumes that each Q(Z) is a complement of a Z-set in the Banach space Y. Our 
proofs show that for paracompact spaces the resulting properties are all equivalent to the 
property C. 
Remark 2. This remark also is due to Ernest Michael. A space is C” if for every Ic < n 
every map of a k-dimensional sphere to X is homotopic to a constant map. Let S%(n), 
I 6 i < 4, be the property obtained from Si by replacing the assumption that each 
G(Z) is aspherical or contractible by the assumption that each @(xc) is C”-‘. If X is 
paracompact, then each of the properties Si(n), 1 6 i < 4, is equivalent to dimX < rz. 
To prove that dim X 6 n implies 5’s (n), repeat the first n steps of the construction 
of the proof of Theorem 2.1 (omitting the requirement that the maps & be PL) and 
use Ostrand’s characterization of dimension [7, Theorem 3.2.41. Let us prove, following 
Ernest Michael, that Sz(n) implies dim X < n for every normal space X. Let Y = R”+’ ,
and let S” be the unit sphere in Y. Let A be closed in X, and let f : A ---f S” be a map. 
It suffices to construct an extension F : X --f S” [7, Theorem 3.2.101. For y E Y and 
T > 0 let O(y, r) be the open ball of radius T centered at y. For every 5 E X let Q(y) 
be the subset of Y defined by 
Q(y) = O(f(z), l/3) if 2 E A and 
Q(Z) = O(S”, l/3) = u O(y, l/3) if z E X \ A. 
y&s= 
The graph of Sp is open in X x Y and every Q(Z) is Cn-i, so @ has a continuous 
selection g: X + Y by S*(n). Note that d(f(z),g(z)) < l/3 for all z E A. Let 
It(z) = f(x) -g(x) for 2 E A, and let h: X 4 O(0, l/3) be an extension of Ic. Finally, 
define F :X 4 S” by letting F(s) be g(x) + h(z) divided by the norm of g(x) + h(z). 
Then F extends f. 
Remark 3. Problem 423 in [14] reads as follows: Let f : X -+ Y be a continuous map 
of a compactum X onto a compactum Y with dim f +(y) = 0 for all y E Y. Does there 
exist a nontrivial continuous function u : X ---) 1 into the unit interval such that u[f+(y)] 
is zero-dimensional for all y f Y? 
The word “nontrivial” apparently means that not all the sets ~[f+(y)] be singletons. 
We noted in [6] that there exists a function u : X j I with a stronger property: the subsets 
u[f’(y)] of the interval 1 are all finite and not all of them are singletons (provided that 
f is not a homeomorphism). However, Roman Pol informed me that the problem stated 
in [16] was not what he actually meant. The following result of Torunczyk is cited in 
[ 161: if f : X j Y is a light map of a compact space X onto a compact space Y and 
Y is countable-dimensional, then there is a dense G&-set in C(X, I) of functions u such 
that ~[j+ (y)] is zero-dimensional for every y E Y. The question that Roman Pol had 
in mind was whether the condition “Y is countable-dimensional” can be dropped in this 
assertion. 
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This question seems to be open. It follows from our selection theorem that “Y is 
countable-dimensional” can be weakened to “Y is a C-space”: 
Theorem 10.1. If f : X + Y is a light map of a compact space X onto a compact space 
Y and Y is a C-space, then there is a dense Gs-set in C(X, I) offunctions u such that 
u[f ‘( y)] is zero-dimensional for every y E Y. 
The proof is similar to the proof of Theorem 1.5. It will appear elsewhere. 
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